Abstract -Recently Parigi et al. (Science, 317 (2007) 1890) measured the statistics of a photonsubtracted and a photon-added thermal field. They showed that the measurements agree with the theoretical predictions of the beam splitter (BS) model. We show the equivalence of the quantum trajectory approach and the BS model in photon subtraction by deriving the BS model from the generalized photon counting operators. Our photon counting operators, corresponding to measurements using a resolving detector and a nonresolving detector, are generalization of the standard quantum jump approach. Our model is exact from weak quantum fields to the classical limit of strong fields. We show that our generalized photon counting operators reproduce exactly the results of the BS model when the reflection probability of the beam splitter is equated with the absorption probability of a photon in the standard quantum jump model of cavity field damping. Our theory can explain the recent experimental results of Parigi et al. and shows how similar experiments can be made to test the photon subtraction for the whole range of electromagnetic field intensities ranging from quantum to classical limit. We propose new experiments to test the generalized photon counting operators in the intermediate regime between the quantum and classical limits.
†ρ 0â /Tr{â †ρ 0â }, whereρ 0 is the density operator of the initial field andâ andâ † are the bosonic annihilation and creation operators, respectively. The experiment of Parigi et al. [1] was, however, carried out for low intensity fields and therefore the behavior of photon subtraction/addition remain unexplored outside the quantum regime.
Srinivas and Davies have introduced a quantum mechanical photon counting model [2] based on quantum trajectory approach known as the SD model. In the SD model the no-count operator corresponds to the case that no photons are detected during [t, t + dt) and the one-count operator corresponds to detecting exactly one photon during [t, t + dt). According to the SD model the photon-subtracted state is given byâρ 0â † /Tr{âρ 0â † }.
(a) E-mail: tihayryn@lce.hut.fi Thus the SD model reproduces the results measured by Parigi et al. [1] . We have recently shown that the SD model is also valid for high-intensity fields [3] when applied consistently to direct photon counting within the quantum trajectory approach. Furthermore, we have derived generalized photon counting operators corresponding to measurements using a resolving detector (RD) and a nonresolving detector (NRD) [3] . The resolving detector clicks every time it absorbs a photon while the nonresolving detector cannot distinguish if one or more photons are absorbed during the measurement.
Previously Leonhardt [4] has shown the connection between the beam splitter (BS) and quantum master equation of damping. In this letter we show, using the generalized photon counting operators, that the predictions of our SD model based operators agree exactly with the BS model 1 [5] used to analyze the experimental detector setup of Parigi et al. [1] . We also show that our model exactly reproduces the BS approach with high and low detection probabilities and at all regimes from the weak quantum fields to the strong classical fields. Furthermore, recently Dodonov et al. [6] generalized the beam splitter model, used by Parigi et al. [1] (see footnote 1 ) to analyze their experimental setup, and concluded that the SD model can predict the experimental setup of Parigi et al. [1] (see footnote 1 ) only at low intensities and that their theory is valid at high intensities. We point out the limits of validity of these approximate results.
Models for photon subtraction and the experimental setup. -Generalized photon counting operators corresponding to NRD and RD.
In the SD model during a differential time interval [t, t + ∆t) there are only two possible quantum trajectories [2, 3] : (1) the one-count described by the quantum jump operatorĴρ(t) = γâρ(t)â † ∆t corresponding to detection of a photon (γ describes the field-detector coupling andâ is the boson annihilation operator), and (2) the no-count operatorŜ ∆tρ (t) = exp (−γâ †â ∆t/2)ρ(t) exp (−γâ †â ∆t/2). Thus the probability of detection during [t, t + ∆t) is γn(t)∆t, wheren is the expectation value of the number of photons. We have shown [3] that, if the measurement duration ∆t is not so short that only the one-count and no-count trajectories are possibly, one must use more complicated operators consisting of time-integrated combinations ofĴ andŜ to count for all the possible trajectories.
We have derived operators describing NRD (Ĉ t below) i.e. counting of at least one photon and RD (N t (1) below) i.e. counting exactly one photon during [0, t) [3] 
where R = 1 − exp (−γt), T = exp (−γt), p n is the probability of having n photons in the field at t = 0, and for simplicity we have written only the diagonal elements. Furthermore,Ĉ t = ∞ m=1N t (m) andN t (m) are defined so that the probability of absorbing exactly m photons during [0, t) is Trace{N t (m)ρ}. The corresponding detection probabilities are
In order to compare our theory to the beam splitter experiment [1] we calculate the detection probabilities corresponding to the use of RD (N t (1)) and NRD (Ĉ t ) and the expectation value of the number of photons in the photon-subtracted states for selected initial photon states.
One-photon resolving detector. For the thermal field (p n,n =n n 0 /(1 +n 0 ) (n+1) ,n 0 is the number of photons in the initial fieldρ 0 ), coherent field (p n,n = e −n0nn 0 /n!), and Fock state (p N,N = 1) eq. (4) gives the following probabilities:
Probabilities (5)- (7) are the probabilities of detection of one photon using detector described byN t (1). After the resolving detection event the expectation value of the number of photons in the field is given by Tr{â †âN t (1)ρ 0 }/Tr{N t (1)ρ 0 } from which we obtain the following expectation values in the photon-subtracted state:n ther Nt(1)
Nonresolving detector. For the nonresolving measurement the probabilities to detect one or more photons for the selected initial fields are obtained from equation (3) and given by
After the detection event the expectation value of photons in the field is given by Tr{â †âĈ tρ0 }/Tr{Ĉ tρ0 } from which we obtain the following expectation values in the photonsubtracted state:n ther Ct
Summary of the experimental setup and the BS model of photon subtraction. The experimental setup of Parigi et al. [1, 7] (see footnote 1 ) consists of 1) a module for preparing the input field, 2) modules for photon subtraction and addition, and 3) a module for homodyne detection of the output field. The single-photon subtraction was performed by splitting the field using a high-transmittivity beam splitter (BS) and detecting a photon from the reflected mode using a nonresolving detector. If the detector in the reflected mode clicked, a photon-subtracted 
Equation (18) can be written as [6, 8] M sρ
from whichM 1ρ a in is obtained by taking the term i = 1. By substituting tan θ = sin θ/cos θ, T = cos 2 θ, R = sin 2 θ, andρ a in = ∞ n,n =0 p n,n |n n | in eq. (20), and operating with the annihilation and creation operators we obtain (for simplicity we write only the diagonal terms since only those are needed at the present comparisons)
from whichM 1ρ a in is again obtained by taking the term i = 1.
The BSs are also used in homodyne detection [5, 9] . In the homodyne detection scheme 1) the input signal is mixed with a strong laser field using a BS, 2) both output modes of BS are measured, and 3) the quasiprobability distribution (such as Wigner function and GlauberSudarshan function) can be reconstructed [5, 9] using the sum and the difference of the measured output signals of the BS. Furthermore, note that photon number resolving measurements can be implemented using BSs and avalanche photodiodes [10, 11] .
Equivalence of our model and the BS setup.
The combined BS and detector operatorsM s in eq. (18) and M 1 in eq. (19) are equal to our generalized photon counting operatorsĈ t in eq. (1) andN t (1) in eq. (2), respectively, when R = 1 − exp (−γt) and T = exp (−γt) (i.e. R = R and T = T ). There is a simple physical interpretation of these equations: the reflection probability of the beam splitter corresponds to the absorption probability of a photon in the SD model and the transmission probability of the beam splitter corresponds to the probability that a photon is not absorbed in the SD model. Figure 1(b) shows the correspondence of the BS setup with the cavity photon detection. With the above choice of R and T each term in the sum in eq. (4) corresponds to reflecting one of the n photons and transmitting n − 1 photons. Furthermore, probabilities in equations (11)-(13) equal to the probability 1 − ∞ n=0 T n p n , where the sum term corresponds to the case that every photon is transmitted trough the beam splitter. Note also that if the interaction time δt of the field and the detector is so short that γδt 1 reflection and transmission probabilities become R = γδt and T = 1 − γδt. We also point out that the same relation between BS and the damped cavity mode has been obtained previously [4] 2 by solving the master equation for dissipation in Gaussian reservoirs.
2 It is written in ref. [4] that: "A beam splitter provides a heuristic model for damping. Dissipation corresponds to a finite reflectivity of the beam splitter and fluctuation to the contact with fluctuations of the second input state. It was shown that this relationship is exact for damping in Gaussian reservoirs. As the mathematical tool to prove it the Fokker-Planck equation for damping in phase-sensitive reservoirs and the corresponding quantum master equation were solved.".
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Simplified jump operators.
As noted above, the SD quantum jump operatorĴρ = γâρâ
† cannot be applied directly if other than no-count and one-count trajectories are possible [3] . Instead operators (1) and (2) must be used. Earlier, as an other remedy, a high-intensity approximation called the E model has been proposed [6] . In the E model the bosonic annihilation operatorâ is replaced withÊ = (1 +â †â ) −1/2â . It was shown in ref. [6] that the E model can reproduce the probabilities and the photon number expectation values of the BS model with NRD for Rn 0 1. To reproduce the detection probabilities of the BS setup we define a new simple operator asÔ = (1 +â †â )
1 − Tâ †â . By replacing theâ inĴ withÔ we obtain a detection probability
. This probability is equal to the probabilities calculated above using the operatorĈ t corresponding to NRD. Since T = exp (−γt) we obtain 1) for the low intensity or the short interaction time, when T n+1 ≈ 1 − γ(n + 1)∆t, P D = γn∆t as in the SD model, and 2) for the high intensities or the long interaction time, when T n+1 ≈ 0, P D = 1 − p 0 as in the E model. Note, however, that even though this operator can reproduce correct count probabilities for all fields in all regimes, it cannot reproduce the correct output field in the high intensity/long interaction time regime since, e.g.,Ô|N N |Ô † /Tr{Ô|N N |Ô † } = |N − 1 N − 1|. This is a correct result only if exactly one photon is absorbed from the initial Fock state |N N | (cf. eq. (21)). Therefore, the simplified operators (Ê orÔ) can only be used to calculate exact (Ô) or approximate (Ê) values of the detection probability but they cannot describe the exact physical setup and produce the correct output field except for the operatorÔ in the regimes where it coincides with the SD model.
Results and discussion. - Figure 2(a) shows the detection probabilities corresponding to the use of the resolving detector (i.e., the probabilities of having one photon in the output mode b of the BS) and the use of the nonresolving detector (i.e. the probabilities of having one or more photons in the output mode b of the BS, see fig. 1(a) ) for the thermal and coherent light fields. Figure 2(b) shows the normalized expectation values of the number of photons after the detection (i.e., in the output mode a of the BS, see fig. 1(a) ) for the thermal and coherent fields. From fig. 2 we can see that the results for RD and NRD are equal for low intensities but differ for high intensities.
At the quantum limit Rn 0 1 we conclude from eqs. (5)- (7) and (11)- (13) that all the detection probabilities are equal to Rn 0 . This corresponds to the probability given by the one-count operatorĴ of the SD model. In this regime only zero or one photon ends up to the output mode b of the BS and the one-count operatorĴ can be used directly to calculate the detection probabilities and the photon-subtracted states. Note also that the detection probabilities are the same for all the three field types. In the experiments of Parigi et al. (5), (6) , (11) and (12)) and (b) the expectation value of the number of photons after detection (see eqs. (8), (9), (14) and (15)) as a function of the expectation value of the number of photons (n0) in the initial field. For coherent field both detector models give the same expectation values of the number of photons (cf. eqs. (9) and (15)). R = 0.01 as in the measurements in ref. [1] . Note that forn0 1 the probability of detecting only one photon (using RD) goes to zero since it becomes practically impossible to detect only a single photon.
probability of the BS was R = 0.01 and the number of the photons in the initial thermal field wasn 0 = 0.57. Thus, the measurements were done in the quantum regime Rn 0 1 where both detector types give equal results (cf. fig. 2 ). The measurements fully agree with the theoretical prediction of doubling of the the expectation value of the number of photons in the photon-subtracted thermal field.
When Rn 0 increases it is also possible that two or more photons end up to the output mode b of the BS and the probability of detecting exactly one photon approaches zero. In Rn 0 ≈ 1 regime the results for the RD and the NRD differ and they also depend on the field type (cf. fig. 2 ). Thus, the one-count operatorĴ cannot be used directly, instead the time-integrated forms given in eqs. (1) and (2) must be used. We propose tuning the measurement setup of Parigi et al. [1] in this regime, since the experiments should be feasible using the same apparatus. At the region Rn 0 ≈ 1 the measurements should show different results depending on the detector type and initial field type (cf. fig. 2 ).
At the classical limit Rn 0 1 the photon-subtracted state corresponding to the NRD measurement has a photon expectation value of Tn 0 for all the three field types in the output mode a of the BS (cf. eqs. (14)- (16)). The detection probabilities, given by the NRD, approach unity for all the three field types (cf. eqs. (11)-(13) ). At the quantum limit the expectation value of the number of photons in the photon-subtracted thermal field is higher than in the initial field. At the classical limit this quantum behavior disappears, as expected.
Conclusions. -In conclusion we have shown that our generalized photon counting operators give equal results with the BS setup if the reflection probability of the BS is set equal to the absorption probability of a photon in the SD model. Therefore, our model is valid for all fields from weak quantum limit to strong classical limit for both RD and NRD detector types. New experiments are proposed to observe the distinct behavior of the quantum and classical regimes. We have also introduced a new effective operator for NRD which predicts the exact detection probabilities for all fields.
